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Preface

These are the lecture notes for the Mathematical Analysis part of the course
Mathematical Methods. I will try to timely update the notes as the course proceeds.

Prerequisites for the course are a good mastering of Linear Algebra and of
Differential and Integral Calculus. Most of you are probably familiar with the basics
of much of the material which is covered here, but we will go anyway through theory
and applications from scratch.

Fourier theory and transforms are more than a tool in Engineering. They are
the language in which much of our understanding of the physical world is written,
and, as a consequence, of the systems we devise to exploit its laws. The basic notion
underlying the theory is that a signal can be expressed both as a function of time and
of frequency, and that the information it carries can be read off some combination
of both. During the course we will go through the mathematical aspects of the
theory, but we will mention just few of the interpretations and applications, which
will be the subject of more specialized courses.

In the time of high performance computers, automated symbolic calculus, and
AI, the computational skills of engineers are less crucial than in the past. What
is more relevant is a good understanding of the theory and of ways in which this
can be used to model reality and designining devices. The theory, however, is just
a dead body of statements if one is not able to recognize its presence in a concrete
occurrence of it, its relevance to the solution of a rel-life problem, its usefulness in
splitting a complex problem in subproblems which are more amenable to solution.
For these reasons, examples and some simple exercises are crucial to the useful
understanding of the material.
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CHAPTER 1

Background material

1. Complex numbers

1.1. Basic properties. A complex number is one having the form z = x + iy,
where z,y € R are real and the symbol ¢, the imaginary unit, satisfies:

(1.1) i? = —1.
The set of the complex numbers is denoted by C. The map L : z = x + iy — (z,y)

is a bijection C L R2. We usefully view R? as a plane endowed with Cartesian
coordinates (x,y). The same way, we can look at C as the complex plane, endowed
with a single complex coordinate z. We have R C C: R is the real axis in the
complex plane. The imaginary azis is

iR={iy:y e R}.
If z =2+ iy and w = u + iv, their sum and product are carried out in the natural
way:
(1.2)
b w= (ot i) + (u+iv) = (o +w) + iy +0),
(1.3) 2w = (z +iy) - (u+iv) = zu + ziv + iyu + i>yv = (zu — yo) + i(zv + yu).

If z = x4+ iy € C, we say that = Rez is the real part of z and that y = Imz is the
imaginary part of z. Also,

(1.4) Z=x—1y

is the complex conjugate of z and

(1.5) o] = (a2 + )2
is the modulus of z. Observe that

(1.6) 2z = |2]2.

Sum and product satisfy the usual algebraic properties.
(1) + is associative
(z+w)+(=z+(w+()
for all z,w,( in C;
(2) - is associative
(zw)¢ = z(w()
for all z,w,( in C;
(3) + is commutative
zHw=w+z
for all z,w in C;
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(4) - is commutative
2w = wz

for all z,w in C;
(5) 0 =0+140 is the identity element of the sum,

z240=04+2=2

for all z in C;
(6) 1 =1+4140 is the identity of the product,
zl=1z2==z2
for all z in C;

(7) —z=—(z+1iy) = (—x) +i(—y) is the opposite (the inverse element with
respect to the sum) of z,

z+(=2)=(=2)+2=0;
(8) if z # 0, then 27! := % is the reciprocal (the inverse element with respect
to the product) of z,
z-z =z z=1;
(9) the product is distributive with respect to the sum,
(2 + w)C = ¢ +
for all z,w,( in C.

The existence of the reciprocal guarantees the existence of ratios,

provided w # 0.

These properties are what is need to carry out all of the usual algebra, including
introducing polynomials and their operations (sum, product, division with remain-
der, GCD and LCM...), and rational functions. We list below some properties which
are more specific to C.

(1) Properties of the conjugate:

ztw=z4w, zZWw=2w, z=2, z:w=2:w (if w#0).

Also, z = z if and only if z € R.
(2) Properties of the modulus:

lzw| = |z] - [w], |z : w| = |z] : Jw| (if w #0).
For the sum things are different,
2+ w0l < [2] + wl, [z —w] = ||z — o]l
(3) Properties of real and imaginary parts:

Re(z + w) = Re(z) + Re(w), Im(z + w) = Im(z) + Im(w).
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1.2. Exponentials in C and the exponential expression of a complex
number. Let y € R. We define

(1.7) e = cos(y) + isin(y).
This is just a definition, but it is not arbitrary. From the expression ¢(y) = e?¥ we
expect at least two properties,
(1.8) e(y1 +y2) = e(y1)e(y2), and ¢'(y) = ip(y).
Let’s verify both. For the first,
W) = cos(yy +y2) +isin(yr + yo)

= cos(y1) cos(yz) — sin(y1) sin(yz) + i[cos(y1) sin(yz) — sin(y1) cos(y2)]

= [cos(yr) +isin(y)] - [cos(y2) +isin(yz)]

1oty
For the second,
de d

% = d—y[cos(y) + isin(y)]

d d
= d—ycos(y)—i—zd—ysm(y)

= —sin(y) +icos(y)
= ifcos(y) + isin(y)]
= e,
More generally, we can define
e = e = %™ = e[cos(y) + isin(y)].

We still have

zt+w zZ W

e =c*e?, and et = ¢

the usual Neper constant.
Any complex number z = x + iy # 0 can be written in exponential form,

(1.9) z = et = e%[cos(t) + isin(t)],

with s,t € R. Let’s review how. Equation (1.9) can be written as (assuming for
the moment that = # 0)

in(¢
L. sin(?) = tan(t), with y and sin(¢) having the same sign,
x  cos(t)
|z] = e°.

We immediately get s = In|z|. For ¢ we obtain

arctan(y/x) 4+ 2km if x > 0;
arctan(y/x) + m + 2kw if z < 0;
7/242kmif x =0 and y > 0;
—m/2+2km if x =0and y <0,

where k£ € Z can be any integer, positive or negative. We say that ¢ is an argument
of z.
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A slight variation on the exponential form is the trigonometric form of a com-
plex number z,

(1.10) z = rlcos(t) + isin(¢)].

Clearly, r = |z| and ¢ is an argument of z, if z # 0, and can be any real number if
z=0.

1.3. The roots of unity. The equation
(1.11) N =1,

with N > 1, has N roots z; = €2™/N j = 0,1,...,N — 1. They satisfy the
relations

(1.12) 22k = Zj4k, %5 = 4—j = zj_l, 2o =1, |z| =1

Let Gy = {e*™/N . j=0,1,...,N — 1} Cc C. Then, Gy has N elements and it is
closed under multiplication.
Since 2V —1=(z = 1)(1 + 2+ 22 +--- + 2V~1), we have that

N-1 N—-1 y
(1.13) 0= zF=> emik/N
k=0 k=0

forj=1,...,N—1.
The relations (1.12) suggest to introduce the group Zy of the residues modulo
N, which is a periodicization of Z. For j in Z, let
(1.14)
[flv :={n€Z: n—jisdivisible by N} = {n € Z:n=¢qN + j for some q € Z}.

The set
You can think of an analog clock as a model for Zi5. As a set,

Zn ={0]n, [N, [N = 1]n},

where we use the notation [j]y to highlight that [j] 5 is not one of the usual integers.
The successors in Zy are defined by:

O] + [1]n = []n
x4+ [n = 2l5

[N = 1§+ [1]n = [0]n-

You might think of [0];5 as playing the role of midnight (or noon) in the analog
clock Zlg.

The sum can be extended to an operation Zy X Zy +, Zy in the natural
way, [j]v + [k]lx = [J]v + [1]v + - - + [1] 5, where we perform k sums. By default,
[1]n + [0]y = [j]n. This sum has the usual properties of a sum: it’s associative,
commutative, it has [0] 5 as the zero element, each [j]n has inverse [N —j|n ([J]n +
N — iln = [0]).

Time can be encoded on an analog clock, at the expenses of a loss of informa-
tion: the clock says it’s 4, but it does not specify if it’s day or night, and which
day. Consider the map Z - Zy,

(1.15) ~v(n) = [j]n if and only if n = ¢N + j for some ¢ in Z,
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i.e. if j is the remainder of the division n : N. We may interpret [j]ny as a subset
of Z,

[{lv ={n: n=¢N +j for some ¢ in Z},
which is the class of the integers having remainder ¢ with modulus N.

REMARK 1.1. Forn,m € Z,

v(n) = y(m) if and only if e2min/N — g2min/N.

Also,

v(n+m) =~(n)y(m).
In many applications the point of view is that Zy encodes discrete, finite (periodic)
time. We might also view [0].[1],. .., [/N — 1] as indices of an array. What is specific
of Zy is that, when we shift the elements of the array by a step forward, the last
element of the original array becomes the first of the shifted one, as when turning
a gear wheel.

1.4. Exercises.

EXERCISE 1.2. Decompose 22 + 1 as the product of two polynomials with
complex coefficients of degree one with respect to the variable z.

EXERCISE 1.3. Show that if x, ¥y, u, v are real numbers, then
(zu+yv)? < (2 + y?)(u® + 7).

Deduce that for z,w € C we have

|2+ w| < [2] + [w].

EXERCISE 1.4. Find all complex solutions of the equations
22=1, 2t=1, =1

Write the solutions in the form z = a + ib with a,b € R. Represent them on
the complex plane.

EXERCISE 1.5. Solve in C the equation
e =1.

You will find infinitely many solutions. Represent them on the complex plane.

EXERCISE 1.6. Solve the equation
2422424+41=0
in C.

EXERCISE 1.7. Let z = 2¢'V3. Find

zZ, |z|, Rez, Imz.
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EXERCISE 1.8. Consider the second order, linear, omogeneous ordinary
differential equation

(1.16) u” +4u’ 4+ 5u = 0.

(i) Find all the real valued solutions R 2 R of (1.16).
(ii) Find the (unique) solution of (1.16) satisfying u(0) = 1, w/(0) = 2.

EXERCISE 1.9. For j € Z and Z EN C, let Z 57, € be defined as

(1.17) (SHG) =fG—1).
The operation f +— Sf is the unit forward shift.

2mwimg

For m € Z, let f,,(j) =e~~ . Show that

_ 2mim

Sfm=€¢ "8 fm.

In other terms, f,, is an eigenvector for S, relative to the eigenvalue e™ "~

EXERCISE 1.10. Out of the solution of 2'® = 1, how many are also solution
of 22 =17 And of 23 = 1?7 Draw them on the complex plane.

EXERCISE 1.11. Show that if j =1,2,...,N — 1 and z; = e'~", then
Iz +22 442V =0

2. Inner product spaces

2.1. The inner product on CV. Let C" be the set of the column vectors

21
(1.18) p=|
ZN
with z1,...,zy € C. We can think (and programmers in fact think) of the ”array”
z as a function {0,...,N} = C, j + z;. We might replace {0,..., N} by Zy =
20
{0,1,..., N — 1}, in which case z = 1|, We will use indices 1,..., N in this
ZN-1

section, but we will switch to the other index set when we talk about the discrete
Fourier transform. This should not cause any trouble.

The space CY becomes a vector space on C under the operations of sum and
multiplication times a (complex) scalar,

21 w1 21+ wq 21 azy

29 Wo 29 + wa 29 azo
(1.19) + = , @ = R

ZN wWN ZN +wyn ZN azn

where z,w € CN are vectors and a € C is a scalar.
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The (standard) inner product of two vectors in CV, CN x CV £ € is defined
as

N
(1.20) (z,w) = ZZU)J

PROPOSITION 1.12. The inner product in CN satisfies the following prop-
erties:

(i) for &, z,w € CN and a,b € C, we have
(& az + bw) = a(§, 2) + b(§, w);
(ii) for z,w € CV,

(iii) for z € CV,
(z,2) >0 and (z,2) = 0 if and only if z = 0.

A fundamental property of the inner product is the following inequality.

THEOREM 1.13. [Cauchy-Schwarz inequality] For z,w € CN we have

(1.21) [, 2)] < (2, 2) 2w, w) V2.
Equality holds if and only if z and w are linearly dependent.
We define
2] = (2, 2)*/

to be the norm (associated to (z,w)) of z € CN. The Cauchy-Schwarz inequality
becomes

[(w, 2) < |z - [Jwl]-

PRrOPOSITION 1.14. The norm has the following properties.
(i) For z€ CN, ||z > 0 and ||z|| = 0 if and only if z = 0.
(ii) For 2 € CN and a € C, |laz| = |a| - || 2|
(iii) For z,w € CN, ||z + w| < ||z]| + |w| (triangle inequality).

The inner product in CV can be interpreted in terms of of rowxcolumn products.
For z in CV, a column, let

(1.22) 2= (2., Zn) = 2

b

where wt is the transpose of w € CN | which is a row. Then,

(1.23) (z,w) = z*w.
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2.2. Matrices and linear operators in CV. The standard basis of CV is
{01,...,0n}, where

o

o .

(1.24)

g
Il
O =

0
where 1 occurs in the j* position. We write §; = § ; when we have to be explicit

about the dimension. .
A linear operator CV = CV between vector spaces U,V on C is a map satis-

fying
(1.25) L(az + bw) = aL(z) + b(w)

whenever z,w € CN and a,b € C. The linear operators CN 2 Cj; can be written
as products times a matrix. Let Ajx = (dar,j, L(On k))cr. Then, L(z) = Az, where

A A oo AN
That is,
(1.27)
N
wy Apn A .. Ain z1 Zg\[:l Aujz;
w2 —w— L(Z) _ A21 A22 ce A2N Z2 _ Zj:l AQij
Wy Avi Am2 ... Aun/) \&n Z;\’:l Anjz

We denote by M n(C) the set of the matrices with M rows and N colums. We
can write A € My n(C) as a column of M row vectors in [CV]*, or as a row of N
column vectors in CM:

Al

A2
(1.28) A= — [A1]43] ... |An],

with A, ..., AM € [CN]* and Aq,..., Ay € CM.
Besides the operations of of sum and multiplication times a scalar in My y(C),
we have the matrixz product

MM7N((C) X MN,p((C) = MMJ:'((C),

which is computed following the row x column procedure. That is,

Al A'B; A'B, ... A'Bp

A2 A2B,  A?B, ... A%B
(1.29) ~ | [BiIB|...|Bp] = ! ”_2 P

AM AMpB, AMB, ... AMBp

where A', A% ...  AM are rows in [CV]*, and By, Bs, ..., Bp are columns in C¥.
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Given a matrix A € My n(C) as in (1.28), the rank of A is the maximum
number of linearly independent columns among A1, ..., Ay, which coincides with
the maximum number of independent rows among A', ..., AM.

The case M = N is particularly interesting,

MN,N((C) X MN)N((C) —) MN7N((C).

A matrix A € My ny(C) is invertible if there is A=! € My n(C), its inverse, such
that
A'A=1
is the identity matriz. If A™! exists, then AA~! = I. The following are equivalent
for A e MN’N(C):
(1) A is invertible;
(2) A has rank N;

(3) det A #0.
The adjoint L* of CN £> Cyr is CM L.> Cpy which satisfies
(1.30) (L*z,w)eny = (2, Lw)em.

If L is represented by the M x N matrix A in (1.26), L* is represented by the
adjoint matriz A*,

ANy Aoy ... Aun.

Suppose M = N. The operator C¥ LooNis self-adjoint if L = L*. The operator
L is self-adjoint if and only if the matrix representing it is self-adjoint, A = A*.
That is,

(1.32) Ayj = Ajy.
In particular, the elements on the diagonal are real numbers, A;; = Tu

2.3. Inner product spaces in general. In real life, our vector spaces do not
typically come endowed with coordinates, as we shall see below, and we need to
consider matters in a coordinate-free environment. Let V be a vector space over C.

A inner product on V is amap V x V LSRNy satisfying (i-iii) in proposition 1.12:
(i) for &, z,w € V and a,b € C, we have
(6,02 + bu) = al€, 2) + blE, w);
(i) for z,w € V,

(iii) for z € V,
(z,2z) > 0 and (z,2z) =0 if and only if z = 0.
As in the case V = CV, we define the norm of z € V to be
2]l = (=, 2)"/2.

We say that z and w are orthogonal, z 1 w, if (z,w) = 0.
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LEMMA 1.15. If z L w, then

Iz +w|® = [I2)1* + [Jw|/*.
PRroOOF.
||z—|—w||2 = (z+w,z+w)
= (2,2) + (z,w) + (v, 2) + (w,w)
= Izl + lwl?.

O

The Cauchy-Schwarz inequality, theorem 1.13, and the properties of the norm in
roposition 1.14 continue to hold.

THEOREM 1.16. [Cauchy-Schwarz inequality] Let z,w € V. Then,
[z, w)| < lz]] - [l

with equality if and only if z and w are linearly dependent.

ProoFr. If z = 0, the inequality holds because both sides of the inequality
vanish (and 0,w are linearly dependent). Suppose z # 0. We first verify that

z 1l w— ﬁ;ﬁ%z

(z,w)z (2,2)
(o= 5E) = - G
= 0.
Hence, ﬁ’iﬁ%z Lw— <ﬁ’7ﬁgz and, by Pythagoras theorem,

z z

2 2
bt = |5 + o - S
z z
< ‘<z7w>z 2
- 12112
Kz w))?
b
(El

which gives the desired inequality. Equality holds if and only if w — <‘ﬁ’;ﬁ§z =0,
which holds if and only if w is a scalar multiple of z.

If V is finite dimensional, and it has dimension N, then it possesses a orthonormal

basis {f1,..., fn}:
1 ifj=k,

(1.33) (fi> fre) = 0k = {0 N

The case of infinite dimensional vector spaces is the most interesting one in this more
abstract formulation, and it is crucial in applications. The definition of orthonormal
basis in the infinite dimensional case is subtle. The same way, linear operators on
infinite dimensional inner product spaces present some complications. We will
considered the infinite dimensional case later on, after we have some concrete and
useful examples.
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If V is complex vector space with inner product (-, -), we can express it in terms
of an expression only containing norms, which goes under the name of polarization
identity:

(1.34) (z,w) = i[(z—&-w,z+w>—<z—w,z—w>—i(<z—|—iw7z+iw>—<z—iw,z—iw))],

i.e.
(z,w) = |z +wl* + |z — wl|* + —i(l|z + iw]* — ||z — iw]]?).
Let’s check it. With & = (z,w), we have:
4-RH.S. = 26+26+26-2¢

= 4(z,w)=4-L.H.S.
2.4. Unitary matrices. A matrix U € My ny(C) is unitary if and only if U
is invertible and U~! = U*. In this case,
U =U0U"=1.

The class of the unitary matrices is denoted by Uy .
The importance of unitary matrices is that they preserve the inner product.

THEOREM 1.17. The following are equivalent for a matriz U € My n(C).
(i) U € Uy is unitary;

(ii) U = [Uy]...|UN], where Uy,...,Un is a orthonormal basis of CV;
(iii) for all z,w € CN, (Uz, Uw) = (z,w);

(iv) for all z € CV, ||Uz|| = |Iz|.

PROOF. O

2.5. Inner products associated to integrals. Let I be an interval in R,
which might be bounded, unbounded, and even the real line itself. We denote by

C.(I) the space of the continuous functions I I, € such that f has compact support:
there is a closed, bounded interval [p,q] C I such that f(¢t) =0if ¢ € I\ [p,q|. For
f,g € C.(I), define the L?-inner product

(1.35) (f.ghe == / F@a(t)dt

THEOREM 1.18. (i) (-,-)r2 is an inner product on C.(I);
(ii) the Cauchy-Schwarz inequality holds,

dt‘ <(/ |f<t>|2dt>1/2 (/ |g<t>|2dt>1/2

PROOF. (i) is left as an exercise. (ii) holds for all inner product spaces, as we
have seen in the previous subsection.. ([

(1.36)

The L%-norm, that associated with the L? inner product, is

i = [ f(t)2dt)1/2.

It satisfies the properties of the norm we have seen in proposition 1.14.
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A slight variation of the above concernes periodic functions. Let T' > 0 be fixed.
A function R %5 C is T-periodic if

(1.37) fE+T)=f(t)

for all ¢ in R. We denote by Cr—_per(R) the class of the continuous, T-periodic func-
tions. When the period T is fixed, we simply write Cper(R) or Cper. In Cp_per (R)
we define the inner product

Ti
(1.38) o9)z, = / FOg(t)dt

Observe that, by periodicity,

Ti at+t
/ FDg(t)dt = / FDg(t)dt
0 a

for all a in R.
The inner product we have introduced satisfies the properties of an inner prod-
uct, hence the Cauchy-Schwarz inequality.

We can replace integral with sums. Consider doubly infinite sequences Z 4c.
The space ¢?(Z) is populated by those sequences for which

o 1/2
(1.39) lelle := ( > Iw(n)l2> < o0

n=—oo

LEMMA 1.19. If p,v € (*(Z), then the series

o0

(1.40) Y. eme(n)

n=-—oo

converges absolutely.

PROOF. Since convergence is absolute, we can assume ¢, > 0. Fix any € > 0.
Suppose N > N (e) is large enough to have

(1.41) S e Y dmP<e
[n|=N+1,...,N+M In|=N+1,...N+M
whenever N > N(e). Such N(e) exists by Cauchy criterion for the convergence of
series, because both Y °°° _ |¢(n)|? and 37 |p(n)]? converge.
We estimate the remainder of the series in (1.40) making use of the Cauchy-
Schwarz inequality:
1/2

N
S
S
<
S
IN
N
S
S
©
N
<
S
©

[n|=N+1,..,N+M |n|=N+1,....N+M |n|=N+1,..,.N+M
< e

by (1.41). Again by Cauchy’s criterion, (1.40) converges. O

The space ¢?(Z) so becomes an inner product space.
We might replace Z by N, the nonnegative integers. The reason we used here
7 is that it is the right object when studying Fourier series.
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It is noteworthy that all the inner product spaces introduced above are not
finite dimensionall This is a curse and a blessing. It’s a curse, because it makes
things more complicated; it’s a blessing because we have infinitely many ”degrees
of freedom” in order to describe reality and design devices.

Let’s see this in the case of the space ¢2(Z). Consider the sequences d,, (n € Z),

lifm=
EDES S,
0 if m # n.
The infinite family of vectors {4, : n € Z} is an orthonormal system,

(6ns Om)ez = Om(n),

hence, a fortiori, ¢*(Z) does not have finite dimension.

EXERCISE 1.20. Show that the functions e, (t) = €2 n € Z, form an
orthonormal system for C1_pe,(R) with respect to the inner product (1.38).

20

EXERCISE 1.21. Consider CV > . Show that the functions

n €{0,1,...,N — 1}, form an orthonormal basis for CV with respect to the
standard inner product.

2.6. Exercises.

EXERCISE 1.22. Show that an orthonormal basis for C2 is provided by the
vectors

5050

EXERCISE 1.23. Show that an orthonormal basis for C* is provided by the
vectors

1 1 1
' —i
-1
—i -1 i

—_
-
—
|
—_
—_

(1.43)

e )
DO |
|
—
o |
—_
[\

EXERCISE 1.24. For n € Z, let e, (t) = >,
(i) Compute ||en]|rz2-
(11) Compute <6m, en>L2 when m 75 n.

EXERCISE 1.25. For n > 1 integer let s,(t) = sin(27nt), and for n > 0
Sn,Cn

integer let ¢, (t) = cos(2mnt), [0,1] — R.
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(i) Compute ||cn||z2-
(ii) Compute (¢, cpn)r2 and (S, s, )2 when m # n.
(iii) Compute (¢, Sp)r2 for all m,n.
Hint. Use exercise 1.24.

3. Integrals

Transforms are defined as integrals, as we shall see, and knowing what is meant
by integral is relevant. We do not go through the theory, but just sketch the main
definitions. We will provide simplified definitions, which are anyhow equivalent to
the usual ones. While telling the story, I am taking some freedom in historical
terms, but not too much.

The content of this section is not strictly necessary to read and understand the
notes. If meet some integral we can compute, it can be computed using the usual
tools from calculus. If we meet a function whose integral can be computed as usual,
its integral is the limit of some approximations of it. As a matter of fact, we will
only compute very classical integrals.

3.1. Integral of continuous functions. We denote by C|a, b] the space of

the continuous functions [a, b] Loc. 1t integral in the sense of Cauchy (1823) is
b 2"
b—a\b—a
1.44 t)dt .= li j—1)— | ——.
(1.44) IR nggo;f<a+(y )

We have here subdivided [a,b] in 2" intervals I, ; = [a+ (j — 1)%:2, a + j5%52],
each having length bz_na, we computed f at the lower endpoint, multiplied times the
length of I, ;, then summed up everything, in the end taking the limit as n — oo.
Cauchy proved that the limit exists in C, and this provided the first mathematically
rigorous definition of an object whose study went back at least as far as Newton
and Leibnitz. Cauchy was motivated by the needs of the function series introduced

by Joseph Fourier in 1807 in his study of the heat equation.

3.2. Riemann integrable functions. Motivated as well by Fourier series,
the young Bernhard Riemann (1854) observed that choosing the left endpoint of
I, ; was an unnecessary restriction. For f € Cla, b],

b 2" _
(1.45) / f(t)dt == nler;to(tn_j) 1’27“
a j=1

the limit being independent of the the choice of points a + (j — 1)1’2_—”“ <t,; <
a + jb2_,,f1. That was jus the beginning: Riemann proceeded to show that the
existence of the limit in (1.45), of course independently of ¢, ; in the way just said,
holds if and only if f has vanishing average oscillation on [a,b], in a sense that T'll
make precise.

For each n, we have an approzimation from below (worst case scenario) to the

would-be integral,

on
b—a

s(f, [a,b],n) ::Z inf f(¢) 2_n ,

< i€l

j=
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and an approzimation from above (again, worst case scenario),

on

S(f,[a,b],n Zbupf

sEIn ¥

It is easy to see that s(f,[a,b],n) increases with n, while S(f,[a,b],n) decreases.
They tend to the same limit if and only if their difference goes to zero.

For [a, D] ER R, let
Ose(f, Ing) = sup f(s) — inf f(1)

s€ly ;
be the oscillation of f on I,, ;. The average oscillation of f relative to the decom-
position [a,b] = I,,1 U--- U I, on is, by definition.

2" 2"
1 1
Av-Osc(f,[a,b],n) = on ZOSC(f, I,;) = on Z[ SlIlp f(s)— telg_lf f(@®)]
j=1 j=1 %€Ing
= S(f7 [a’7b]a nytn,la cee 7tn,2") - 3(f7 [Cl, b]a n7tn,1a cee 7tn,2")-
The function f has vanishing average oscillation on [a, b] if

(1.46) lim Av-Osc(f, [a,b],n) =0,
n—oo

i.e. if the approximations from below and above have the same limit. This happens,
it can be proved, if and only if the limit in (1.45) exists and it’s independent of the
tn’j’S.

Basically, the vanishing of the oscillation means that f does not oscillate too
much too often. A priori, f can not be bounded, since unbounded functions on
bounded intervals must have infinite oscillation on some I, ;, for some j.

Among functions with this properties are those which are continuous on [a, ]
(nothing new), those which are bounded and have finitely many points of disconti-
nuities, monotone ones, and all functions that can be obtained by these using sums,
multiplication times constants, products, and various other manipulations. For all
of these functions, we said, (1.45) provides a definition of integral which is well
defined (and does not depend on the choice of the ¢, ;’s) and that it captures our
intuition of what an integral is. The functions having vanishing average oscillation
are universally called Riemann integrable.

A function which is not Riemann integrable is the so-called Dirichlet function

0,1 & R

)1 ifte[0,1]nQ,
f(t)_{o if t € 10,1\ Q.

Since Q is dense in R !, Osc(f, I, ;) = 1 for all n, 5, hence, Av-Osc(f, [a,b],n) = 1,
does not vanish as n — oo.

This was not a problem as far as the Fourier analysis of a function was con-
cerned, but it became a headache when mathematicians started working on Fourier
synthesis, where functions which are not Riemann integrable popped out.

IThat is, if x < y are real, there is a rational ¢ such that x < ¢ <y
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3.3. Lebesgue integral. In 1902, Henri Lebesgue took a different point of
view, which I illustrate for a function f > 0 on [a, b]. Again, we want to approximate
f from below, but working on the ordinates instead of the abscissas. Fix n > 1
and, for 1 < j < (2")? = 227, consider
(1.47) E,;j={t€la,b:(j—-1)/2" < f(z) < j/2"}.

An approximation from below of the the integral of fwould be
22n 1

(1.48) o(f,[a,b),m) == >~ ~Length(E).
j=1

where Length(E) is the "length” of the subset E of [a, b]. If a reasonable notion of
length can be given, it is easy to see that o(f, [a,b], n) increases with n, and at this
point we let

b
(1.49) [ #ati= tim o(f,la.,m),

which in the end Lebesgue showed to coincide with Riemann’s definition, if f is
Riemann integrable.

The elephant in the room is defining a reasonable notion of length, and showing
that it has some useful properties, A few years before Lebesge, Emile Borel had
developed a theory of ”sets having zero length”?, which was a good starting point.

For an open interval (¢, d), indeed Length(c,d) = d—c. Let E C R be bounded,
and considered all countable families {(¢;, d;)};°, of open interval which cover E,

EC Uz (a,d),

and the intervals are two by two disjoint. Define

(1.50) Length(E) := inf{z Length(c, d;) : {(ci,d)}i2, is an open cover of E}.
=1
Lebesgue showed that, at least for a wide class of ” constructible sets” 3the following
properties hold:
(1) Length(®) = 0;
(2) if {E,,}2°_, are disjoint, then

Length (Usy_1 Ep,) = Z Length(E,,).
m=1

With this good notion of length at hands, Lebesgue managed to define the integral
(1.49) for the ”constructible functions”, and to prove some crucial limit theorems
which turned out to have many consequences beyond the application to the spectral
synthesis.

2He had characterized Riemann integrable functions as those having a set of discontinuities
with zero length.

3The class of sets for which the stated properties hold contains (i) the open intervals; (ii) all
sets which can be obtained by previously constructed ones by means of (iil) countable unions,
and (ii2) set differences. This class is called the Borel class.



CHAPTER 2

Discrete and Fast Fourier Transform

1. The Discrete Fourier transform

In programming, the Fourier transform is usually computed using a finite, dis-
crete analog of it, in which the base group encoding ”time” is the finite group
Zy ={0,1,...,N — 1} of the residues modulo N.

The Discrete Fourier Transform (DFT) of a function f:Zy — C is

N-1
(2.1) Fn)=Fnfn) =Y N f(j).
j=0
Recal that the numbers z; := ¢>™/N = 2/ j = (,...,N — 1, are the complex

roots of zV = 1.

The DFT is interesting in itself, and it has a number of applications to geometry,
combinatorics, probability, and so on.*

We might interpret Fy : CV — CV a linear transformation, represented by the
N x N matrix having elements Fy(n, j) = e2™/N with respect to the canonical
basis of CV

LEMMA 2.1. (i) The adjoint Fx of Fn with respect to the standard
Hermitian inner product on CN is Fi(m,n) = Fy(n,m).
(ii) As matrices, FNFn = FnFrn = N - In, where In is the identity
operator on CN .
(iif) <7:Nf|]:N9>132(ZN) = N<f|g>é2(zN)-

PROOF. (i) is just the definition, (iii) is a restatement of (ii), and (ii) is a
calculation:

N-1
AFNFnl(m,n) = Fn(m, j)Fn(j,n)
7=0
N-1 N-1
_ e—27rijm/N62ﬂ'inj/N _ Z e27rij(n—m)/N
j=0 =0

n view of its ubiquitous applications, there is a cornucopia of resources on DFT both on
library shelves and online. Here are just a couple of items of interest:

e The Fourier Transform and its Applications by Brad Osgood of the Electrical Engineer-
ing Department of Stanford University, which is a mathematically precise introduction
to Fourier Transform for those who need it in applications;

e Fourier Analysis on Finite Groups and Applications by Audrey Terras of University
of California, San Diego, with a number of applications of DFT within and outside
mathematics.
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Niftm=n
- N27wi(n—m)/N
e —1 _ .
N = 0 if m # n.
O

Different normalizations of the involved inner products serve the purpose of approx-
imating different ”infinite” versions of the Fourier transform. Here, we consider

(2.2) Fn : 2(Zx) — 02(Zyn;1/N),
where the latter is defined by the inner product:
N-1 1
(Pl @ya/n) = Z <P(J')1/J(J')N~
§=0

We can then translate Lemma 2.1, and some of its easy consequences, into a propo-
sition with the main properties of the DFT.

PROPOSITION 2.2. (i) We have Plancherel formula
N N—1
~ 2 G = D 1P
§=0 1=0

(ii) DFT inversion formula is

=2

~

f() = f&l(f)(l) = % ‘ f(j)eQ‘n'ilj/N.

<
I
o

(iii) For f,g € (*(Zx), let f * g(m) = Z;.\[;Ol f(m—3)g(j). Then,
T g(m) = F(m)g(m)-
In the other direction, if for v, € (?(Zn;1/N) we define fxg(m) =
£ p(m = j)()), then
Fr' (o) = Fy (o) F5' (¥).

(iv) Let 6o(m) = {1 ifm=0

. Then, Fx(60) = 1 and Fx (1) = N,
0 if m #0. en, F(do) =1 and Fy (1) 0

EXERCISE 2.3. Verify the assertions in Proposition 2.2.

2. The Fast Fourier transform

The complexity of computing Fp f, the number of multiplications we have to
perform, is O(N?). The Fast Fourier Transform (FFT) is an algorithm which
drastically reduces the complexity of the task. The algorithm was first published
in An Algorithm for the Machine Calculation of Complex Fourier Series by James
W. Cooley and John W. Tukey, Math. Compute., vol. 19, pp. 297-301, April 1965.
2

2Like many things which are both clever and a few steps from basic mathematics, FFT is
found, unpublished, in one of Gauss’ notebooks (1805), then independently reproved a number
of times. As in the case of Shannon’s sampling formula, this piece of maths became universally
famous after being rediscovered by scientists working in big, cutting-edge laboratories: Shannon at
Bell Labs, Cooley and Tukey at IBM’s Watson labs (and Tukey was at the time sitting in President


https://www.ams.org/journals/mcom/1965-19-090/S0025-5718-1965-0178586-1/S0025-5718-1965-0178586-1.pdf
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We describe it in the case when N = 2™, Depending on its use, there are
variants for N with many factors, and even for N prime?®. The basic, recursive step

is a simple calculation reducing the DFT for N = 2M to N = 2M—1,
2M 1
Fouf(m) = Y f(j)e 2mmi/2"
23”1—1171 oM-1_4
_ Z f(2l)€—2mml/2M*1 + o—2mim/2M Z F21+ 1)6—2mml/2M*1
e =
(23) = 3 [f@) ez pr g 1] et
1=0

Let eps : Z/2M =7 — C, epr(n) = e=2min/2" g5 that

—2mim/2M eM(m) ifo<m< oM-1 _ 1,
e =
—ep(m — 2M_1) if oM-1 <y < oM _ 1,

Set

o) = f2)
(2.4) ) = fRI+1),

with fo, f1 : Z/2M~17Z. Equation (2.3) can be written in several useful ways. If
Ey={m: 0<m<2M1 _1}and E_ = {m: 2M-1 <m <2M — 1},

Fouf = Fom-1fo+ XE+€M./—"2M—1f1 — XE_epmFom-1f1

_ (Fam-rfo+ Fou-rfrenm
.7:2M71f0 - .FQIVI—lfleM

(2.5) _ (IM1 enmIn—1 ) (szlfO)
Inf—1 —eydpyr—1 ) \Fom—1f1)’
where Iys_1 is the identity matrix in C2" .
Let’s pause a moment to see what we have. Equation (2.5) tells us how to com-
pute Fou f, provided we already know Fonr-1 fo and Forr—1 f1. In (2.5), 2M multi-
plications have to be performed, having as factors eps, and Fom—1 fo or Fonr—1 f1.

Recursively, we reduce the calculation of Fon to 2 calculations of Fom—1, then
to 22 calculations of Fym—2, etcetera. In the last step, we have 2" ~1 calculations

of
_ (1 1) (¢(0)
me=(1 4) (20):
The FFT algorithm is obtained by running the procedure backwards: compute first

For, feed it into Fo2 using (2.5) with M = 2, etcetera. Observe that the algorithm,
only requires N = 2™ numbers to be stored at any given time.

EXERCISE 2.4. Rewrite the FFT algorithm as a product decomposition of the matrix
representing Fon when M = 2, then for all M.

Kennedy’s Science Advisory Committee). Feel free to draw your own conclusions on ”all math
people are on an equal footing”. The fact is that what counts is not just the mathematical item
per se, but also the context and the audience, which gives it potential for growth and applications.

3Discrete Fourier transforms when the number of data samples is prime by C.M. Rader

Proceedings of the IEEE ( Volume: 56, Issue: 6, June 1968)


https://ieeexplore.ieee.org/stamp/stamp.jsp?arnumber=1448407&casa_token=s9mDLd7mPmQAAAAA:6bIIMu1yS8qzVzgFrkRqoJXazxA7LnncmMwcnfhsT-ju9Eezc4lhMUfnXtzn4WVCF1fzaaby&tag=1
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For N = 2M let C(N) be the computational complezity of the FFT: the number of
multiplications which are needed to compute Fn(f) using the algorithm we have
just described. We have:

(2.6) ceMy=2.c@M1) +2M,
In fact, as observed above, in (2.5) we have to perform 2™ multiplications to reduce

Foum to Fom—1, and the transform Fom—1 must be performed twice. We then iterate
(2.6),

ceMy = 2.c@M1)y4+2M
2-[2-0(2M72) p oM=L 4 oM — 92 . ¢ (2M=2) 1 2. oM

2M=10(2) + (M —1)2M
= M2M = N(log, N).

PROPOSITION 2.5. The FFT has complexity Nlogy N (when N = 2M).




CHAPTER 3

Fourier series

1. The Fourier coefficients and their basic properties
A function R L5 C is T-periodic (with T > 0) if

fE+T) = f(1)

whenever ¢ € R. The number T > 0 is a period for f. Observe that if f is T-
periodic, then it is 27-priodic, 3T-periodic, etcetera. For instance, the following
functions are 1-periodic:

f(t) = cos(2mt), sin(2nt), ™.

All functions obtained by T-periodic functions by means of the usual operations
and compositions with other functions are T-periodic. For instance,

flit)y= cos(27rt)esm(2”t)
is 1-periodic.
A function [0,1) 2 C can be extended to a function R % C which is 1-periodic
by letting
(3.1) p(t+n) = p(t)
whenever ¢ € [0,1) and n € Z.
Let R £ C be a 1-periodic function such that

1
(3.2) lellzr = / (1) dt < oo,
For n € Z, let
1
(3.3) Bl = [ pltje
0

be the n'" Fourier coefficient of f. We can think of ¢ as of a function defined on
the integers,

(3.4) Z % C, ne 3(n).
For a € R and R % C, let

(3.5) (Tasp)(8) = (t — a).

The operator 7, : ¢ — 7, is the shift by a, and it has the effect of translating
forward by a units the graph of the the function ¢ (it is a delay if a > 0). The
function 7, retains many properties of . In particular: ¢ is 1-periodic if and only
if 744 is; @ is continuous if and only if 7, is.
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It is clear that 7,9 is T-periodic if and only 7,9 is. If ¢ is 1-periodic, in
particular, then

1 1
/ lp(t)]dt < oo if and only if / |(Ta0)(t)|dt < 00
0 0

(in fact, more is true: fol lo(t)|dt = fol |(Tatp) (t)|dt).

PROPOSITION 3.1. [Basic properties of the Fourier coefficients] Let R oy
C be 1-periodic. Then, the following properties hold.

(i) Ifa,b e C, then ago/—ijw(n) = ad(n) + bib(n).
(ii) If o is differentiable on R, then
(3.6) ¢'(n) = 2rind(n).

(iii) Tap(n) = e>™mP(n).

PROOF. O

The convolution ¢ * 1 of two 1-periodic functions is defined as

1
(3.7) (e 0)0) = [ ol - u(s)ds,
0
THEOREM 3.2. IfR Y C are 1-periodic and n € Z, then
(3.8) o+ () = G(n)i(n).
PROOF. O

The crucial feature of convolution is that is commutes with time shifts

THEOREM 3.3. Suppose R LD C are 1-periodic and their modulus is
integrable on [0, 1).

(i) If a,b € C, then (ap + bip) * x = alp * x) + b(¢ * x).
(i) oxp ==

(ii) (@ *1h)*x = @* (P *X).

(iv) 7ol * ) = (Tap) ¥ ¥ = ¢ * (Tax).

(v) If ¢ has continuous derivative, then (ox)' = ¢’ * ).

PROOF. O

2. Spectral analysis and synthesis

THEOREM 3.4. Suppose [0, 1) is square-summable,

1 1/2
(39 lellrs= ([ totoPar) <o
Then, the following hold.
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(i) Plancherel identity
—+o0

1
(3.10) | etora= 32 k.
More generally, if also ||¥||r2 < oo, then
1 too
(3.11) | dtema= 3 Fwim.
(i) L2-convergence of the Fourier series, or Fourier analysis of a
periodic function. We have that
+00 ]
o) =2 Y P,

where the equality =r> in the L? sense means that
2

1 +N
s _ -~ 2mint
(3.12) 0= J\;grclx) | f@) _Eing(n)e dt.
PRrROOF. O

In the other direction we have the following.

THEOREM 3.5. Let {a,}, >  be a two-sided infinite sequence of numbers
in C such that

+o00 1/2
(3.13) [{an}le = ( Z |an|2> .

Then, there exists a unique [0, 1) 25 C such that
(3.14) o(n) = ay, for alln € Z.
Moreover, ¢ € L?[0,1) and

1 +oo
/0 pOPd= S Janl,

n=—oo

and

—+oo
(p(t) =r2 Z ane?wznt7

n=—oo
e
1 N 2
0= li t) — 2mint| .
Ngnoo 0 f() ZNane
—

3. Exercises

EXERCISE 3.6. For any of the functions f = f(¢) you will find below,
f:[-1/2,1/2) - R:
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~

(i) compute the Fourier coefficients f(n), n € Z;
(ii) write down the partial Fourier series

N
sn(f)@) = Y fln)erm
n=—N
and the complete Fourier series

“+o00
so(Nt) = Y Fln)etm

(iii) write explicitly in which sense s,,(f) converges to f in L?[—1/2,1/2);
(iv) do we have pointwise convergence,

i (1) = £(1)

for all t € [-1/2,1/2)?

(v) write explicitly soo(f)(¢) for 0 <t < 1;
(vi) write soo(f) in terms of sines and cosines.

Here is the list of the functions.

=
(1) f(t)= {Saifi|t<| |§t|a<a s, where 0 < a < 1/2 is a fixed parameter.
(2) f(t) =t
(3) f(t) =t
(4) f(t) = cos (mt)
(5) f(t) = sin(67t).
1if0<az <3,
©) () = {0 otherwise. )

T tif [ < 1,
0 otherwise.
(8) f(t) = —k@=rr. Hint. Here it might be more convenient using a

1_snCwi) *

2
geometric series, rather than computing integrals.




CHAPTER 4

Fourier transforms

1. The Fourier transform on L!(R)

We say that R ENYG) belongs to the L'-class' if

+o0
(4.1) 1l = / (@) < oo,

— 00
i.e. if f is absolutely integrable. We write f € L!(R)
For w € R, we define
+oo

(4.2) Flw) = / Ft)e ™“tdt.

— 00

We also write f: F(f), the Fourier transform R I Cof f- The following theorem
has a list of basic properties of the Fourier transform.

THEOREM 4.1. Suppose R 19, ¢ belong to L*(R).
(i) Ifa,b € C, then F(af +bg) = aF(f) + bF(g).
(ii) If f * g is the convolution of f and g,

—+oo
(4.3) (f*g)(t) = / £t — 8)g(s)ds,
then
(4.4) F9(w) = f)g(w).
(iii) Fora € R, let
(4.5) T f(t) = f(t — a),
the shift of f by a. Then,
(4.6) Taf (W) = e f(w)

is a modulation of f.
(iv) If r > 0 and

(4.7 D00 =11 (})
is the (L'-normalized) dilation of f, then
(4.8) D, f(w) = f(rw).

1The letter L derives from Henri Lebesgue, the founder of the modern theory of integration.

33



34

(v) If f is also differentiable and f' € L', then

(49) Fr(w) = iwflw).
(vi) If also xf(x) = M, f(x) belongs to L', then f is differentiable and

af

(4.10) o

+o0 o
(w) = fz'/ zf(x)e”“Cdr = —iM, f(w).

oo

Here are some examples of Fourier transforms.
(i) Let f(t) = e!*l. Then,

(4.11) flw) =

Here are the calculations.

flw) = / ele™™“'dt + / e tem Wt
0

—0o0
pt(1—iw) 10 pt(—1—iw) o0
- {1—iw]_oo+ [—1—iwh
1 1

17iw+ 1+dw
(1+iw) + (1 —iw)
(1 —iw)(1 4 iw)

_ 2
14 w?
(i) Let f(t) = w=e~=. Then,
~ w2
(4.12) flwy=e"7.
Here is a proof. The function f(t) = ﬁe‘é satisfies the 1% order,
linear, homogeneous differential equation
(4.13) () +tf(t) =0.
By items (v) and (vi) in theorem 4.1, f satisfies
N df
4.14 ; t— =0
(1.14) ofw) +12 W) =0,
which, after dividing by 4, turns out to be the same as (4.13). Hence,
~ w?2
flw)y=Ce 7.

In order to find the constant, we compute

~ 1 Foo 12
C:f(o):\/T?/ 6_7dt:1,

1'2 . . .
poiché ff;: e~ 2 dr = /7 is the integral of the Gaussian.

fhiff <1
(iii) Let f(t) = {5 1 Then,
(4.15) Flw) = Sine(w) = S8,

w
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Let’s see the details,

=)
£
Il

1t
- / e—zwtdt
2 -1

1 |:e—iwt:|+1 el _ p—iw

2 =

sin(w).

—iw | _4 21w

w
(iv) From (i-iii) above and item (iv) in theorem 4.1, for ¢ > 0 we have the
following transforms:

1 ¢ -~ 2
(4.16) =1t = )=
1 2 -~ 2
4.17 t)= e m = w)=e",
(.17 ) = = )
L if [t| <a ~ sin(aw)
4.18 t) = f(t) =14 2 - = :
@18 =50 {0 e flo) = e
(4.19)
THEOREM 4.2. Let f € L*(R). Then,
i R L, € is continuous and bounded,
(4.20) [F (@) < N fllers
(ii) [Riemann-Lebesque] | vanishes at infinity,
(4.21) WEIEOO f(w) =0.

2. The Fourier transform on L?(R)

What about the L? theory? The one from which we expect the best results,
and which is dominant in applications? The problem here is that L?(R) ¢ L'(R) ¢
LY(R) (recall that L2[0,1] C L'[0,1]). Since the first inclusion fails, we have to find
a way to give a meaning to the integral defining f(w) when f € L?(R). We let, for
f€L*R) and w € R:

R +R
(4.22) f(w):= lim f(t)e ™“tdt,
R—o0 R
provided that the limit exists.

It turns out that the limit, in fact, exists "for most” w’s. Setting f(w) =0 if
the limit does not exist, we have a function R, which satisfiaes the usual formulas
of the L? theory.

THEOREM 4.3. Let R L% C be two L2 functions. Then the following
properties hold.
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(i) Plancherel.

(4.23) JUCREE =y I
(

ii) Plancherel for two functions.

(4.24 AEMWﬁ%Aﬁ%Mw

(iii) Fourier inversion Formula

1 ~ .
(4.25) f@) = —/ flw)e™dw.
2T R
We have some other useful Fourier transforms. For instance, if f(t) = %ﬁ, then
(4.26) Flw)=e .
By the Fourier inversion formula, in fact,
1 1 1 [To0 emitw
Zelwl = 2ol = = R Py
2¢ 2¢ o) o 1122
From (iv) in theorem 4.1, then, if f(t) = %ﬁ = %ﬂ%)g,
(4.27) Flw) = ekl

EXERCISE 4.4. Compute the Fourier transforms of the following functions.
() f(t) =", g(t) = te 7, h(t) = t%e~ 7

(i) f(t) =e 2 g(t) =te 1 h(t) = t2e~ I,

(iii) f(t) = 17 9(t) = Gy W) = s

. Lif [t < 1 )
(iv) fxg, dove f(t) = {O y :t . and g(t) = eIl
1+2tif —2<t<0
[t — 1if [t| <1 M L

gty =¢1—-tif0<t <1,
0 otherwise.

W>ﬂw:{o&ﬂ21

3. The Dirac delta

The Dirac delta 6, at a € R is a "generalized function” (in fact, it’s not a
function: it is a measure). It is defined by the property that, whenever ¢ is a
continuous function, ¢ € C(R,C),

+oo
(4.28) /' (06 (1)t = o(a).

—o0
No true function can satisfy this.

It is a usesful device when we carry out integrations by parts. Let’s see the
example the Dirac delta originated from. Let

0ift<0
4.29 H(t) = ’
( ) ®) {1ift20
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be the Heaviside function®. The function H has a jump discontinuity at ¢ = 0,
H(0")— H(07) =1, and it has vanishing derivative elsewhere.

Let ¢ € C:(R,C) be a continuous function with bounded support (i.e. there
exists R > 0 such that ¢(t) = 0 if |¢| > 0). Then,

+o0 +oo
| ewrma = [0 = o)~ o(0) = —4(0)
+oo
= [ s

This is the formula we would get from integration by parts if we had H'(t) = do(¢):
the variation of H is concentrated at 0. We can extend this

PROPOSITION 4.5. Let F : R — C be a function which is C' on R\
{a,...,a,}, having left limits F(a; ) and right limits F(a;") at each a;, a1 <
ag < -+ < ay. Let AF(a;) = F(a])— F(a]) be the corresponding jump. Also
suppose that F' is integrable on each interval (a;—1,a;).

Then, for all R 25 C continuous and such that lim; 400 ©(t) = 0, we have
the integration by parts formula:

+oo

sy~ [ roema= [ +ZAF (@)60, (O} o(0)dt

— 00

From the viewpoint of integration, that is F' has ( distributional) derivative FY,
(4.31) Fi(t) )+ Z AF(a;)6

PROOF. Suppose for simplicity that ¢(t) = 0 for |t| > R, and we can choose
R > 0 such that
ap=—R<a <---<a, <R=:anpy1.
We have then

—/RF(W (t)dt = —Z/ailF(t)go(t)dt

I
|
T
’11
@
\
”1
v

=1

1
> (AF(@ + / F’(t)w(t)dt>

+oo
=[ 0 +ZAF% ba, (6) ) ().

We have the following facts:

20liver Heaviside (1850-1825) was an electrical engineer and a mathematician.
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4. The Uncertainty Principle

THEOREM 4.6. [Uncertainty principle] Let f € L*>(R). Then,
2

(132) ;T( / +°O|f<t>|2dt) </ j o :o () de

—00 —

Equality holds if f(t) = e~ is a Gaussian (a > 0).

PrROOF. We assume that f, f are rel valued. The changes in the general case
are not hard to make.

() = (71 ool
(- [ srrros)

/ s ()2ds / " psy2as

o0 — 00

= o[ Csseras [ PP

— 00 — 00

= o Tisorasy [ fras

—00 —

= 2 [ Tsoras [ wiepa.

Il
IS

IN
o

5. Shannon’s interpolation formula

THEOREM 4.7. Suppose § > 0 and g : R — C is such that g(w) = 0 for
lw| > 5. Then, g can be reconstructed from the discrete sample {g(on) Foo

+oo sin (ﬂ_r*né) o
(4.33) g(r) =Y 9(5“)WTT£-

n=-—oo 4
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~

PRrROOF. Suppose f(w) =0 for |w| > 1/2. Then,

1 N
ft) = o fw)e dw
1 +1/2A )
= — f(w)e™tdw
2m J 12

1 +1/2 +ZOO )
= — ane™tdw
2m J 12

n—=—oo

+1/2 o
with a, = / e 2™ £ (w)dw = 27 f(27n)

—1/2
00 +1/2 )
_ Z f(27rn) / ezwte—27rznwdw
n=-—00 —-1/2
+oo +1/2 )
_ Z f(27m) / ez(t—QTrn)wdw
n=-—00 —-1/2
too 6i(t727rn)w _ 6z'(157271'n)w +1/2
= Y f(2m) [ ]
o t— 27Tn t:—1/2

= f f(QWn)w.

n=-—oo 2
More generally, if g(w) = 0 for |w| > a/2, i.e. glaw) = 0 for |w| > 1/2, then the
calculation above holds for f(t) = g(t/a), providing

+oo sin <t—227rn))
g(t/a)= > g(2mn/a)— =",
n=-—oo 2
i.e.
+oo : at—27mn
sin (7)
g(r)= Y gm/a)——2—.
n=—oo 2
This is easier to read if a = %’T:
+oo : T—nd
sin (7r )
glr)= > g(on)— —=
n=-—oo m 4






CHAPTER 5

Applications of Fourier theory to partial
differential equations

1. The heat equation

1.1. The homogeneous heat equation on the real line. We consider
the following problem. Given as data a bounded, continuous R 2 R (C-valued
functions ¢ are covered by the method we will explain), we look for continuous
u = u(zx,t), Rx % R, such that it solves the initial value problem:

dpu(z,t) = L0mu(w,t) for (z,t) € R x (0,00),
(5.1)
u(z,0) = (@)
We move the problem on the frequency side by letting
+o0 ]
(5.2) iw,t) = / w(z, e dy.

Using the formulas for the Fourier transform of a derivative, the problem (5.1)
becomes:

di(w,t) = —Lh(w,t) for (w,) € R x (0,00),
(5.3) . N
t(w,t) = o(w).
For w fixed, let y(t) = G(w,t), [0o0c) % C. The function y satisfies
/ _ W f
y(0) = @(w).

We know how to solve it:
y(t) = Ce"*, with C = y(0) = G(w).
That is,
(5.5) (w, t) = Ny (w)3(w),
where Ny (w) = et i.e.

Y R P
Ni¢(z) — e T e duw
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as we have seen when computing the Fourier transform of a Gaussian. We have
roved the following.

THEOREM 5.1. The solution of (5.1) is

(z—1)?
too e Tzf

- W@(y)dy-

You might wonder what happens when we have k0, with k > 0 instead of %&m.

(5.6) u(t,t) = Ny * o(x) =

THEOREM 5.2. Let R 5 R be continuous and bounded, and k > 0. Then,
the solution of

Opu(x,t) = kOygu(z,t) for (z,t) € R x (0,00),
7 {u(a ) =)
18 ' ] N
u(z,t) = My x p(x), with M(x) = me Rt

EXERCISE 5.3. Prove theorem 5.7.

1.2. The non-homogeneous heat equation on the real line.

THEOREM 5.4. Let R x (0,400) L R be continuous and bounded, and
k > 0. Then, the solution of
ow(z,t) = 20s.v(x,t) + f(x,t) for (z,t) € R x (0,00),
(5.8)
v(z,0) =0
18

_(z—y)?

ol t) = /0 t / :o eﬁ;(:js)f(y,

s)dyds.

Proor. With v(w,t) defined as above, the differential equation becomes

. w? ~
atv(wat) = 77”(‘*}715) =+ f(wat)v

i.e., again writing y(t) = 0(w, t),

’ w? ny
t Sy(t) = t
(5.9) y' () +5y(t) = flw,i),
y(0) = 0.
After multiplying times ewTQt, the equation becomes:
ﬁt’\ L2t 7 ﬁtWQ d w2t
T flw ) = Ty () + T Ty(t) = T (e ).

Together with the condition y(0) = 0, we have then

)

~

w? ¢ w2 o~ ¢ w?
(5.10) y(t):e_Tt/ eTsf(w,s)ds:/ e~ T 9 f(w, s)ds.
0

0
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Anti-transforming and taking into account that products are anti-transformed to
convolutions,

v(z,t) = /o Ni—s(z —y) f(y,s)ds

_(z—y)?

/t/meQ(”) s)dyd
= ya ys
0 J—oo /2m(t—

d
We consider now the non-homogeneous equation with non-zero initial values:
(5.11) {3tw(177t) = 10,,w(z,t) + f(z,t) for (z,t) € R x (0, 00),
w(z,0) = ().

EXERCISE 5.5. Show that the solution of (5.11) is w = u + v, where u
solves (5.1) and v solves (5.8).

Thus,

2

oo - Gsw? T
w(z,t) = dy+/ / s s)dyds.

—00 \/27T t_S y7

2. The Laplace equation in a half-space

THEOREM 5.6. Let R 25 R be continuous and bounded, and consider the
boundary value problem:

0 = Oweu(z,y) + Oyyu(z,y) for (z,y) € R x (0,00),
(5.12) u(z,0) = (),
0 = limy, y oo u(x, t).

Then, (5.12) has a unique soluzion which is continuous on R x [0, +00, which
is given by

+oo
(5.13) u(z,y) = Py *xp(z) = %/7 mw(u)du.

The family of functions {P, : y > 0},

1y
5.14 P, =——
(514) @) = T,
is called the Poisson kernel for the half-plane.

PROOF. After a Fourier transforms in the x variable, letting z(y) = u(w,y),
(5.13) becomes

#"(y) —w?z2(y) =0,
2(0) = @(w),
lim,_, o 2(y) = 0.
After solving
2(y) = A(w)e”” + B(w)e ™,
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we see that the condition lim,_, 2(y) = 0 implies that
A(w) =0 and B(w) = ¢(w) if w > 0,
A(w) = p(w) and B(w) =0 if w < 0.
Then
U(w,y) = 2(y) = e “HG(w).

The formula (5.6) follows, since, as we have seen, f’;(w) =elvly, |

3. The wave equation

3.1. The wave equation by means of Fourier transforms. We consider
the following problem with data ¢,1 : R — R:

Oppu(x,t) = Oppu(z,t),
(5.15) u(z,0) = p(z),
du(z, t) =p(z),
and look for solutions u : R x [0, 00) — R. After taking Fourier transforms we have
Opti(w, t) + w?t(w, t) = 0,
(5.16) U(w,0) = p(w),
dyti(w, t) = P(w).
The ordinary differential equation has solutions

U(w,t) = A(w) cos(cwt) + B(w) sin(cwt),

subject to R
Afw) = 0w, 0) = F(w), wB(w) = daw,t) = (),
(5.17) u(w, t) = cos(cwt)p(w) + siniiwt) D(w).

We have to antitransform. Observe that

—

Jet (w) + 0t (w)

t =
cos(cwt) 5 ,
sin(cwt) 1

cw - QCX[_Ct’Ct] (w)

We obtain D’Alambert’s formula

p(=ct) + p(ct) 1/”“
+

(5.18) ula, 1) = £ -

xr—ct

3.2. A different approach to the wave equation. Another instructive way
to look at the wave equation

(5.19) Oppu(x,t) = 2Oppul,t)
is by means of the change of variables:

p=ux—ct, . =18
(5.20) { , le. {t— 0

gq=x+ct
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Let
(5:21) olp.)i= o) = u (152, 172).
Computing derivatives, we find that
0%v 1 0%u 0%u
.22 = (222 _
(5:22) e 00) =35 (550~ G )

where (x,t) depends on (p,q) as specified by (5.20). Thus, u is a solution of the
wave equation if and only if

(5.23) Ipqv(p,q) = 0.

This holds if and only if d,v(p,q) = D(q) for some function D, and the latter hold
if and only if

(5.24) v(p,q) = D(p) + E(q)

for some twice-differentiable functions F, D : R — R. After replacing p, ¢ according
to (5.20), we have the following.

THEOREM 5.7. The solutions of the wave equation (5.19) have the form
(5.25) u(z,t) = D(xz — ct) + E(z + ct)

for some functions D, E.

The equation (5.25) has a graphic intepretation: u(x,t) is the superposition (sum)
of a wave D(x — ct) traveling with speed ¢ along the real axis, and a wave E(z + ct)
traveling in the opposite direction, with speed —c.

4. Exercises

EXERCISE 5.8. Let ¢ > 0 be fixed. Let ¢ : R — R be continuous and
bounded. Show that the only continuous solution u(z,t) = u : Rx[0, +o0) — R
to the problem:

Opu(x,t) = cOyu(x,t) when z € R, ¢ > 0,
u(z,0) = ¢(t)
is
u(z,t) = p(x + ct),
a wave traveling backward in time with speed c.
What is the solution if the equation is replaced by dyu(x,t) = —cOu(x,t)?

EXERCISE 5.9. Let ¢ : R — R be continuous and bounded. Find a con-
tinuous solution u(z,t) = u : R x [0,4+00) = R to the problem:

Ou(z,t) = Oggu(x,t) — u(z,t) when x € R, ¢ > 0,
u(z,0) = p(t).
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EXERCISE 5.10. Let ¢ : R — R be continuous with lim,_, 1., ¢(x) = 0.
Find a continuous solution u(z,t) = u : R x [0, +00) — R to the problem:

Opz(z,y) + 40y u(x,y) =0 when z € R, y > 0,

u(sc, 0) = @(y)’
limy 4 oo u(z,y) = 0.




CHAPTER 6

Mock exams

First ME
(i) Compute the Fourier coefficients of ¢ x 1) where [—1/2,+1/2] L2UN C,

1if0 <t <1/4,
p(t) = .
0 otherwise

o(t) = [¢].
Write down the Fourier series of ¢ * 1.
(ii) Compute the Fourier transform of f(t) = t2¢=*". Use the result to com-
pute:
(a) fj;o t2e=t dt;
(b) the covariance

“+o0
/ t2 Ny (t)dt

— 00
+2

of the Gaussian Ny (t) = 6\;22 .

(iii) Find the solution R x [0, 00) % R of the following boundary problem:

0 = Opzu(z,y) + Oyyu(x,y) for (z,y) € R x (0, 00),

(6.1) u(z,0) = e\;%,

0 =limy, 400 u(z,t).
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